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we show the ill-posedness in H S (M), s € M, in the sense that the flow map 
uq h- > u (if it exists) fails to be C 2 at the origin. For 1 < a < 2, we prove 
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is optimal. 
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1 Introduction, main results and notations 
1.1 Introduction 

In this work we consider the Cauchy problem for the following dissipative 
Benjamin-Ono equations 

u t + Hu xx + \D\ a u + uu x = 0, t>0,x£R, ,, Rn , 

with < a < 2, and where 7i is the Hilbert transform defined by 

Hf{x) = 1 pv (i * /) (x) =^{-1 sgn(0/(0) (^) 
and \D\ a is the Fourier multiplier with symbol 
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When a = 0, (jdBOp is the ordinary Benjamin-Ono equation derived by 
Benjamin [;2j and later by Ono [15] as a model for one-dimensional waves 
in deep water. The Cauchy problem for the Benjamin-Ono equation has 
been extensively studied these last years. It has been proved in pj5] that 
(BO) is globally well-posed in H S (M) for s > 3, and then for s > 3/2 in 
[T8] and [9]. In [21], Tao get the well-posedness of this equation for s > 1 
by using a gauge transformation (which is a modified version of the Cole- 
Hopf transformation) . Recently, combining a gauge transformation together 
with a Bourgain's method, Ionescu and Kenig [8] shown that one could go 
down to L 2 (IR), and this seems to be, in some sense, optimal. It is worth 
noticing that all these results have been obtained by compactness methods. 
On the other hand, Molinet, Saut and Tzvetkov |14j proved that, for all 
s G R, the flow map uq i— > u is not of class C 2 from H S (K) to H S (K). 
Furthermore, building suitable families of approximate solutions, Koch and 
Tzvetkov proved in [10] that the flow map is actually not even uniformly 
continuous on bounded sets of i/ s (M), s > 0. As an important consequence 
of this, since a Picard iteration scheme would imply smooth dependance 
upon the initial data, we see that such a scheme cannot be used to get 
solutions in any space continuously embedded in C([0, T]; H S (M)). 

When a = 2, (IdBOj) is the so-called Benjamin-Ono-Burgers equation 

u t + (H- l)u xx + uu x = 0. (BOB) 

Edwin and Robert [6] have derived (|BOBp by means of formal asymptotic 
expansions in order to describe wave motions by intense magnetic flux tube 
in the solar atmosphere. The dissipative effects in that context are due to 
heat conduction. (|BOB|) has been studied in many papers, see [H [71 [23] . 
Working in Bourgain's spaces containing both dispersive and dissipative 
effects 1 , Otani showed in [16] that (|BOB|) is globally well-posed in H S (M), 
s > —1/2. In this paper, we prove that this index is in fact critical since 
the flow map no i— ► u is not of class C 3 from H S {E) to H S (M), s < —1/2. 
Intriguingly, this index coincides with the critical Sobolev space for the 
Burgers equation 

u t - u xx + uu x = 0, 

see Q]. This result is in a marked contrast with what occurs for the 
KdV-Burgers equation which is well-posed above // _1 (M), see |12j . 

1 Such spaces were first introduce by Molinet and Ribaud in [12] for the KdV-Burgers 
equation. 
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Now consider the general case < a < 2. By running the approach 
of [12] combined with the smoothing relation obtained in [16] , we can only 
get that the problem (IdBOl) is well-posed in H S (M) for 3/2 < a < 2 and 
s > 1/2 — a/2. This was done by Otani in [17]. Here we improve this result 
by showing that (|dBO|) is globally well-posed in H S (M), for 1 < a < 2 and 
s > —a/4. It is worth comparing (jdBOp with the pure dissipative equation 

u t + \D\ a u + uu x = 0. (1.1) 

In the Appendix, we show that (jl.ip with 1 < a < 2 is well-posed in 
H S (M) as soon as s > 3/2 — a. The techniques we use are very common in 
the context of semilinear parabolic problems and can be easily adapted to 
(jdBOj) . In particular when a = 2, this provides an alternative (and simpler) 
proof of our main result. When a < 2, clearly we see that the dispersive 
part in (jdBOj) plays a key role in the low regularity of the solution. 

We are going to perform a fixed point argument on the integral formu- 
lation of (jdBOj) in the weighted Sobolev space 

IMIxM = \Mr-m\) + m b (0 S ^u(r,0\\L^)- (1-2) 

This will be achieved by deriving a bilinear estimate in these spaces. By 
Plancherel's theorem and duality, it reduces to estimating a weighted con- 
volution of L 2 functions. In some regions where the dispersive effect is too 
weak to recover the lost derivative in the nonlinear term at low regularity 
(s > —a/4), in particular when considering the high-high interactions, we 
are led to use a dyadic approach. In [20J, Tao systematically studied some 
nonlinear dispersive equations like KdV, Schrodinger or wave equation by 
using such dyadic decomposition and orthogonality. Following the spirit of 
Tao's works, we shall prove some estimates on dyadic blocks, which may 
be of independent interest. Indeed, we believe that they could certainly be 
used for other equations based on a Benjamin-Ono-type dispersion. 

Next, we show that our well-posedness results turn out to be sharp. 
Adapting the arguments used in p2| to prove the ill-posedness of (BO), 
we find that the solution map uq ^ u (if it exists) cannot be C 3 at the 
origin from H S (R) to H S (R) as soon as s < -a/4. See also [3 121 13 [22] 
for situations where this method applies. Note that we need to prove the 
discontinuity of the third iterative term to obtain the condition s < —a/4, 
whereas the second iterate is usually sufficient to get an optimal result. On 
the other hand, we prove using similar arguments, that in the case < a < 1, 
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the solution map fails to be C 2 in any H S (M), s G TSL. This is mainly due 
to the fact that the operator \D\ a is too weak to counterbalance the lost 
derivative which appears in the nonlinear term d x u 2 . 



1.2 Main results 

Let us now formally state our results. 

Theorem 1.1. Let 1 < a < 2 and u G H S (M) with s > -a/A. Then for 
any T > 0, there exists a unique solution u of fdBO\) in 

Z T = C([0,T];H s (R))nX 1 J*' s . 

Moreover, the map ito i— > u is smooth from H S (M) to Zt and u belongs to 
C((0,T],H°°(R)). 

Remark 1.1. The spaces X^ S T are restricted versions of Xa S defined by the 
norm hl.2\) . See Section \1.3\ for a precise definition. 



Remark 1.2. In {llj , Otani studied a larger family of dispersive-dissipative 
equations taking the form 

u t -\D\ 1+a u x + \D\ a u + uu x = (1.3) 

with a > and a > 0. He showed that lil.3\) is globally well-posed in H S (M.) 
provided a + a < 3 ; a > (3 — a)/2 and s > — (a + a — l)/2. If a = 0, it is 
clear that we get a better result, at least when a < 2. It will be an interesting 
challenge to adapt our method of proof s to ( li.ffj) in the case a > 0. 

Remark 1.3. Another interesting problem should be to consider the periodic 
dissipative BO equations 

u t + Hu xx + \D\ a u + uu x = 0, t > 0, x G T, , . 

«(0,.) =u Eff s (T), ( • > 

Recall that in Molinet proved the global well-posedness of the periodic 
BO equation in L 2 (T). To our knowledge, equation in the case a > 

has never been investigated. 



Theorem 11.11 is sharp in the following sense. 

Theorem 1.2. Let 1 < a < 2 and s < —a/4. There does not exist T > 
such that the Cauchy problem KdBO\) admits a unique local solution defined 
on the interval [0, T] and such that the flow map u$ i— > u is of class C 3 in a 
neighborhood of the origin from H S (M) to H S (M). 
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In the case < a < 1, we have the following ill-posedness result. 

Theorem 1.3. Let < a < 1 and s 6 R. There does not exist T > such 
that the Cauchy problem idBO\) admits a unique local solution defined on 
the interval [0, T] and such that the flow map uq i— > u is of class C 2 in a 
neighborhood of the origin from H S (M) to H S (M). 

Remark 1.4. At the end-point a = 1, our proof of Theorem \1.3\ fails. 
However, Theorem provides the ill-posedness in H S (M.), for s < —1/4. 
So, it is still not clear of what happens to fdBO} ) when a = 1 and s > —1/4. 



The structure of our paper is as follows. We introduce a few notation 
in the rest of this section. In Section [21 we recall some estimates related to 
the linear (|dBO|) equations. Next, we prove the crucial bilinear estimate in 
Section [3j which leads to the proof of Theorem 11.11 in Section HJ Section [5] 
is devoted to the ill-posedness results (Theorems 11.21 and 1 1 . 3|) . Finally, we 
briefly study the dissipative equation (11.11) in the Appendix. 



1.3 Notations 



When writing A < B (for A and B nonnegative) , we mean that there exists 
C > independent of A and B such that A < CB. Similarly define A > B 
and A ~ B. If A C M. N , \A\ denotes its Lebesgue measure and xa its 
characteristic function. For / G 5'(M ), we define its Fourier transform 
?{f) (or /) by 

Tf{i) = [ e- l ^f{x)dx. 

JVL N 

The Lebesgue spaces are endowed with the norm 



LP 



\f{x)\ p dx 



Vp 



1 < p < oo 



with the usual modification for p = oo. We also consider the space-time 
Lebesgue spaces L V X L\ defined by 



\f\\ 



For 6, s E R, we define the Sobolev spaces H t 
versions H b,s (M?) by the norms 



and their space-time 



1/2 
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u\\ HbtS = U 2 (T) 2b {0 2s Hr,0\ 2 drd^) 



1/2 



with (•) = (1 + | • I 2 ) 1 / 2 . Let V(-) be the free linear group associated to the 
linear Benjamin-Ono equation, i.e. 

Vt G R, ^(V(t)^)(0 = exp^eiCl)^), <P G 5'. 

We will mainly work in the space defined in ([1.2)1 . and in its restricted 
version X^ S T , T > 0, equipped with the norm 

||w|| v 6,s = inf {|M| v &,s, wit) = u(t) on [0, T]\. 

a ' x u>GA a 

Note that since t)u)(r, £) = 2(r + £ |£|, £), we can re-express the norm 

of Xa S as 



it v b 



x m = \\^T+m b (o s u(T+m,o\\ L i 

= \\(ir + m b (0 s HV(-t)u){T,0\\ L2 

~ ||V( — t)u||_H-6,s + ||u|j L 2rrs + Q 6. 

Finally, we denote by S a the semigroup associated with the free evolution 
of (IdBO]) . 

> 0, F x (S a (t)<p)(0 = exp[itm - \$\ a m0, if G 5', 

and we extend S a to a linear operator defined on the whole real axis by 
setting 

Vt G M, F x (S a (t)<p)(£) = exp[i*eiei - |£H*[]£(0> V G <S'. (1.5) 



2 Linear estimates 

In this section, we collect together several linear estimates on the operators 
S a introduced in ([1.50 and L a defined by 

L a :f^xst+(t)m f S a (t-t')f(t')dt'. 
Jo 

Recall that (jdBOj) is equivalent to its integral formulation 

u{t) = S a (t)u - \ I S a (t - t')d x (u 2 (t'))dt'. (2.1) 
1 Jo 
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It will be convenient to replace the local-in-time integral equation (|2.ip with 
a global-in-time truncated integral equation. Let ijj be a cutoff function such 
that 

ipeC^{R), supp^ C [-2,2], ip = Ion [-1,1], 

and define V't(') = ^Pi'/T) for all T > 0. We can replace (|2.ip on the time 
interval [0,T], T < 1 by the equation 



n(t) = S a (t)u 



S a {t-t')d x {^l{t')u 2 {t'))dt' . (2.2) 



Proofs of the results stated here can be obtained by a slight modification 
of the linear estimates derived in 1 121. 



(2.3) 



Lemma 2.1. For all s 6l and all <p £ H s 

\\ip(t)S a (t)<p\\ „l/2, s < |M|ff«- 

Lemma 2.2. Let s£R. For all < 5 < 1/2 and a// v € X~ 1/2+<5 '' 



Xr + (*)</>(*) / S a (t - t'Mt^dt 1 



o 



< 



W | y—l/2+6,S 



X l/2,s ~ N 

To globalize our solution, we will need the next lemma. 



(2.4) 



Lemma 2.3. Let s£R and 5 > 0. T/ien /or any / G X a 1 / 2+<5,s ) 
f i — ► [ S a {t - t')f(t')dt' G C(M+; iT s+a<5 ). 



Moreover, if (f n ) is a sequence satisfying f n — > m X, 



S a (t-t')f n (t')dt> 



-1/2 + 5,5 



0. 



then 



3 Bilinear estimates 
3.1 Dyadic blocks estimates 

We introduce Tao's [k; Z] -multipliers theory [20] and derive the dyadic blocks 
estimates for the Benjamin-Ono equation. 

Let Z be any abelian additive group with an invariant measure drj. For 
any integer k > 2 we define the hyperplane 

T k (Z) = {(r/i, ..,%) eZ k : Vl + ... + Vk = 0} 



7 



which is endowed with the measure 



Jr k (z) Jz*-i 



f(VU-,Vk-l, ~(Vi + ■■■ + Vk-i))drji--drik- 



A [k; Z] -multiplier is defined to be any function m : T)-(Z) — > C. The 
multiplier norm ||m|| [fc ; ^] is defined to be the best constant such that the 
inequality 



in 



T k (Z) 



(l)II^ 

i=i 



3 j 



< \\ m \\[k;Z] IJ WfjU^Z) 

i=i 



(3.1) 



holds for all test functions /i, /& on Z. In other words, 

k 



m\ 



[k;Z] 



sup 

fi&S{Z) 



II/. 



<1 



m (v)T\fj(Vj] 



In his paper [20], Tao used the following notations. Capitalized variables 
Nj, Lj (J = l,...,k) are presumed to be dyadic, i.e. range over numbers 
of the form 2 , £ E Z. In this paper, we only consider the case k = 3, 
which corresponds to the quadratic nonlinearity in the equation. It will be 
convenient to define the quantities N max > N mec [ > N m i n to be the max- 
imum, median and minimum of N\,N2, N% respectively. Similarly, define 
Lmax > L me( i > L m i n whenever Li,L2,L^ > 0. The quantities Nj will 
measure the magnitude of frequencies of our waves, while Lj measures how 
closely our waves approximate a free solution. 

Here we consider [3;lx R] -multipliers and we parameterize R > 
r] = (r, £) endowed with the Lebesgue measure drd^. Define 



by 



A, 



T j- h j(Cj), i = 1, 2, 3, 



and the resonance function 

M£) = M£l) + ^(6) + M6)- 

By a dyadic decomposition of the variables £j, Xj, h(£), we will be led to 
estimate 

||^JVi,JV2,iV3,H,Li,i2,i3ll[3;Kx)a] ( 3 - 2 ) 

where 

3 

Xn^N^Nz^MMM =X\h{ti)\~H\\x\ti :j \~N j X\\ :j \~L r (3-3) 

3=1 



S 



From the identities 

6 + 6 + 6 = o (3.4) 

and 

Ai + A 2 + A 3 + = 
on the support of the multiplier, we see that (|3.3p vanishes unless 

N m ax ~ Amed (3.5) 

and 

~ max(il, L med ). (3.6) 
Lemma 3.1. On the support of Xpj 1> N2,N 3 ,H,Li,L2,L 3 , one has 

H ~ N max N m i n . (3.7) 

Proof. Recall that 

HO = 6161 +6161 +6161- 

By symmetry, we can assume |6| ~ N m i n . This forces by (|3.4p 66 < 0- 
Suppose for example 6 > and 6 < (the other case being similar). Then 
if 6 > 0, 

HO = 6 2 - el + 6 2 = 6 2 - (6 + 6) 2 + 6 2 = -266 

and in this case \h(0\ ~ N max N m i n . Now if 6 < 0) then 

HO = 6 2 - 6 2 - 6 2 = (6 + 6) 2 - & - 6 2 = 266 

and it follows again that \H0\ ~ NmaxNmin- □ 

We are now ready to state the fundamental dyadic blocks estimates for 
the Benjamin-Ono equation. 

Proposition 3.1. Let N\, N 2 , N 3 , H, L 1; L 2 , L 3 > satisfying \3. 5\) , \3. 6\) , 
{37$. 

1. In the high modulation case L max ~ L me( i ^> H , we have 

m < L]itN l J] n . (3.8) 

2. In the low modulation case L max ~ H , 
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(a) ((++) coherence) if N max ~ N min , then 

m < L^L 1 ^, (3-9) 



(b) ((+-) coherence) if N 2 ~ N 3 > Ni and H ~ L x > L 2 ,L 3 , we 
have for any 7 > 

» < ^(^l N^-^N^L^l). (3.10) 

Similarly for permutations of the indexes {1, 2, 3}. 

(c) In all other cases, the multiplier \3. 3\) vanishes. 

Proof. First we consider the high modulation Case L-rnax ^ ^med H . 
Suppose for the moment that L\ > L 2 > L3 and iVi > N 2 > N3. By using 
the comparison principle (Lemma 3.1 in [2D]), we have 



< ||X|^ 3 |~A^ 3 X|A 3 |— i 3 II [3;Mx 

By Lemma 3.14 and Lemma 3.6 in |20j . 

D < 



I X| A3 1 ~i 3 1 1 [3;H] X|£ 3 1 ~JVa 



[3;R] 3 3 



It is clear from symmetry that (|3.8p holds for any choice of Lj and Nj, 
3 = 1,2,3. 

Now we turn to the low modulation case H ~ L max . Suppose for the 
moment that N\ > N 2 > N3. The £3 variable is currently localized to 
the annulus {|£a| ~ Ns}- By a finite partition of unity we can restrict 
it further to a ball {|£ 3 - ($\ < N 3 } for some ~ N 3 . Then by box 
localisation (Lemma 3.13 in [20]) we may localize £1, £2 similarly to regions 
{|6 - £i| < N 3 } and {|£ 2 - £2 1 < ^3} where ~ TV}. We may assume 
that + £2 + £3 1 ^ ^3 since we have £1 + £2 + £3 = 0. We summarize this 
symmetrically as 



3 

(E3 < " 



X|fc(0|~H II ^l€,-€?|<iVmi»^|Ai 



3=1 



[3;Rxl 



for some £° satisfying 

|£° I ~ iV, for j = 1,2,3; |£° + £ 2 ° + £3° | « N n 
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Without loss of generality, we assume L\ > L2 > L3. By Lemma 3.6, 
Lemma 3.1 and Corollary 3.10 in [20], we get 

3 

QSM % x\hq\~h II^iei-^i«iv min xiA^~L 

i=2 

< |{(r 2 ,6) : 16 - « N min , \t 2 - M6)l ~ ^2, 

|C - 6 - £°l « N min , \t-T2- h 3 (£ - 6)1 ~ L 3 }| 1/2 

for some (r, £) £ Ixl, For fixed 6> the set of possible T2 ranges in an 
interval of length 0(^3) and vanishes unless 

M6) + M£-6) = r + o(L 2 ). 

On the other hand, inequality |£ — £2 — £3 1 <C -/V m i n implies + <C N m i n , 
hence 

(E2I)<^ /2 I^I 1/2 



,3 |S4£| 

for some £ such that |£ + £j| -C N m i n (in particular |£| ~ Ni) and with 

^ = {6 : 16 - $\ « N min , M6) + M£ - 6) = r + o(L 2 )}. 

Let us write = Q| U f2| with 

nj = {6e^:6(£-6)>o} 
fi| = {6g^:6(^-6)<0}. 

We need only to consider the three cases iV"i ~ A^2 ~ N%, N2 ^ N3 N± 
and N\ ~ N2 3> N$ (the case N\ ~ N$ ^> N2 follows by symmetry). 

Estimate of |fi^| : In we can assume 6 > an d £ ~ 6 > (the other 
case being similar). Then we have 

M6) + M£ - 6) = tl + (£ - 6) 2 = 2 (& - f ) + f 

and thus ^ 

2(6-f) +^=r + 0(L 2 ). (3.11) 

If iV"i ~ A^2 ~ A?3, we see from ()3.11j) that £2 variable is contained in the 
union of two intervals of length 0(L^ 2 ) at worst. Therefore < L^ 2 in 
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this case. 

If Ni ~ N 2 > N 3 , then 



27 + 2 



< 



6-6 



1, 



< 16 - e 2 °i + 2 le + tfl + ie 3 °i + \$ + e 2 ° + 6°i 



and we get |6 — §1 ~ ^i - From (|3.1ip . we see that we must have iVf 



0(L2), which is in contradiction with L 2 < L\ 
that the multiplier vanishes in this region. 
If N 2 ~ N 3 S> iVi, then we have obviously |6 - •> 
way, the multiplier vanishes. 



N max N min . We deduce 



iV"2 and, in the same 



Estimate of : We can assume 6 > and £ — 6 < 0. It follows that 



M6) + Me - 6) = 6 2 - (£ - 6) 2 = 2d 6 



r + 0(L 2 ). (3.12) 



If iVj ~ N 2 ~ N 3 , we see from fj3. 12|) that £2 variable is contained in the 
union of two intervals of length 0(N^~ 1 L 2 ) at worst. But we have L 2 < L\ ~ 
N\ and thus < iJ/ 2 in this region. 



If iVi ~ iV"2 > N 3 , we have |£ 2 - 

the multiplier vanishes. 

If N 2 ~ iV 3 > JV X , then |£ 2 - I 

A^|6 - I 



~ Ni as previously and thus iVf = 0(L 2 ), 

N 2 and for any 7 > 0, we have |6 — §1 ~ 
Therefore we see from (|3.12p that 6 variable is contained 
in the union of two intervals of length 0(N^ 1,1 N x lh L l 2 h ) at worst, and 



from 1^2 - £°l < ^nrfn w e see that < A^ 2 , and (15101) follows. 



□ 



3.2 Bilinear estimate 

In this section we prove the following crucial bilinear estimate. 

Theorem 3.1. Let 1 < a < 2 and s > —a/4. For all T > 0, i/iere exisi 
5, v > s«c/t i/iaf for all u, v £ Xy 2,s mf/i compact support (in time) in 
[-T,+T], 

\\d x (uv)\\ 1/2+6,3 <T u \\u\\ i/2, s \\v\\ i/2,s. (3.13) 

To get the required contraction factor T u in our estimates, the next 
lemma is very useful (see |17|). 
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Lemma 3.2. Let f € L 2 (M 2 ) with compact support (in time) in [— T, +T]. 
For any 9 > 0, there exists v = v{0) > such that 



f(r,0 



Ll, 



Proof of Theorem \3.1[ By duality, Plancherel and Lemma 13,21 it suffices to 
show that 



6(e 3 } s (6>- s (6)" 



(|Aii + ieii a ) 1 / 2 (|A 2 | + i6h) 1 / 2 (|A 3 | + \t3\ a y/ 2 - s 



< i. 



[3;RxM] 



By dyadic decomposition of the variables £j, Xj, h(£), we may assume ~ 
Nj, ~ Lj and ~ H. By the translation invariance of the [k, Z]- 

multiplier norm, we can always restrict our estimate on Lj > 1 and N max > 
1. The comparison principle and orthogonality reduce our estimate to show 
that 



E E 

N max ~N med ~N Li,L 2 ,L3>l 



iV 3 (iV3) s (iVi)- s <7V2>- 



{L\ + (iVi)") 1 ^^ + (jv 2 )«)V2(l 3 + (N 3 )«y/i- s 

X H^jVj ,N 2 ,N 3 ,L max M MM II [3;RxR] (3-14) 



and 



E EE 



N Z {N Z Y{N X )-'{N 2 Y 



(Li + (iVi)«) 1 /2( J L 2 + (iY 2 )«)i/2(L 3 + (iVs)") 1 ^-^ 

X ||^Ari,JV2,Ar 3 ,ii",Li,L2,L3l|[3;KxIR] (3.15) 



are bounded, for all N > 1. 

We first show that (|3.15j) < 1. For s > -1/2, one has 



N^yiNx)-*^)- 3 < (N min )- S N, 
and we get from (|3.8p . 



E E 



iVL 1/2 iV 1/2 

mm nun 



A' - \ / \.\.,; n + A r °) 1/2 S (ima3: + (N m in) a ) 1/2 5 L m 



< 



E 

N min >0 



^ n (N mm )- s N 



(NN min + iV°)i/2-<5(ArAr m . n + ( A r m . n )a ) i/2-«5- 
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When N min < 1, we get 



„ N 1/2 N 



N a/2-aS {NNm . n y/2-5 
< V N 5 at( 1 - q )/ 2+5 ( q+1 ) 

N min <l 
<1 

for 5 <C 1 and a > 1. When iV m j n > 1, then 

<mM< E 



(iViV min ) l/2-8s NaB ( NNm . n y/2-8 
< ^-l/2-s+2<S+e ,r25-e(a!-i) 

~ / / min 

iV min >l 

<1 

for e = 2<5/(a - 1) > 0, <5 « 1 and s > -1/2. 

Now we show that (13.14j) < 1. We first deal with the contribution where 
(|3.9p holds. In this case N m i n ~ AT rnax and we get 

! 1/2 1/4 
mm rned 



_/Va/4jyl-45 

< /v- s - a / 4 + 4 ' 5 < 1 

for s > —a/4 and 5 <C 1. 

Now we consider the contribution where f)3. lQj) applies. By symmetry it 
suffices to treat the two cases 

Nt ~ iV 2 > N 3 , H ~ L 3 > Lx, L 2 , 
iV 2 ~ iV 3 > Nt, H ~ La > L 2 , L 3 - 

In the first case, estimate (|3.10|) applied with 7 = 1 yields 
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and thus 



N 3 >0 L max ~NN 3 ^min(^"rned + A ra ) 1 ' 2 (imai + {N m i n ) a ) 1 / 2 25 L S m 

< ^ N 3 (N 3 ) s N- 2s 

~ £^o Na/4 ( NN ^ 1/2 ~ 25 

< Y Nl ,2+2& {Nz) s N- 2s - a / A - l l 2+2S . 

N 3 >0 



Since —2s — a/4 — 1/2 + 25 < 0, we may write 

j-l/2+26/ Af ^-s~a/4:-l/2+26 

N 3 >0 

AT l/2+2S , ^ 



A r 3>0 

< e < 2+25 + e N -r a/4+45 



N 3 >1 

<1 

for 5 < 1 and s > —a/4. 

Finally consider the case iV2 ~ N% S> iVi, -ff ~ Li > L2, L3. Let < 7 <C 
1. If we assume AM in < N„i ax N mi ^ L^ ed , i.e. L med > N m alN mi ^ 
then we get from (|3. 10[) that 

UJ^)^2^ A. .1/2, , Na ,i/2-SrV 2 -Sr6 

Ni>0 L max ~NNi ^min^med "T iv J ^mra ^mai 

< 



^ Q (N^N^ + iV") 1 /2-5(ArAr 1 ) 1/2-5 



E 



If jVi < 1, then 

mi < E jvf j^-^+^+oO < 1 

AT X <1 
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for 5 < 1 and a > 1. If iVi > 1, then 

2y-s+« jyl/2+5 



(ATl-7iV 1 1+7 ) 1 /2-5-eiVae 



2Vi>l 

< Ar -s-l/2+(l+7)(5+£)+5-7/2 Ar7 (l/2-5)+2<5- e (a-l+ 7 ) 
~ / ^ 1 
iVi>l 

<1 

for 5,7 < 1, s > -1/2 and e = [25 + 7(1/2 - 5)]/(a - 1 + 7) > 0. 

Tf we assume ?V 1/2 > yv 1/2_1/27 ?V~ 1/27 T 1/27 ie f < /V 1-7 /V 1+7 
ir we assume iv miri £ iv maa . Jv ?niri iv med , i.e. -L med ^ JV maa: iV m - n , 

get 

™<v v (^)-^^liv 1/2 - 1/2 ^r 1/27 ^ 7 

>ti^m~2^ .1/2. v 1/2 _ a 1/2-5 s 

Ni>0 Lmax^NNi ^minK^rned + ^ )' ^max J^max 

E E 



we 



^ ^ N7 1/2nr ~ 1/2+S (N-i)- a N 1 - 1 / 2 y +s L 1/3f ] 

<; \ \ 1 \ J-/ mea 



v n , l+, ( L med + iV«)l/2-5 

When iVi < 1, we have 

(jXTjj) < V Ar- 1 / 27 - 1 / 2+5 Ar 1 -V27+5jv" a / 2+a5 (Af 1 " 7 Af 1 1+7 ) 1 / 27 

jVi<l 

< V 7 yfAr( 1 - Q )/2+5(i+°) < 1 

JVi<l 

for 5 <C 1 and a > 1. When Ni >1, then 

(jg^jj) < V iV^^ 1/2 " 1/27+5 Ar 1 -V27+5( i vl-7 A r i 1 +^)l/27-l/2+5+ eiV -a e 
iVi>l 

< Ar -s-l/2+(l+7)(<5+e)+5-7/2 Ar7 (l/2-5)+25- e ( Q -l+7) 
~ / j 1 
ATi>l 

<1 

as previously. This completes the proof of Theorem 13.11 □ 



4 Proof of Theorem 11.11 

In this section, we sketch the proof of Theorem 11.11 (see for instance [12] for 
the details). 
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Actually, local existence of a solution is a consequence of the following 
modified version of Theorem 13.11 

Proposition 4.1. Given s+ > —a/4, there exist u, 5 > such that for any 
s > sf and any u, v G X^ 2 ' s with compact support in [—T,+T], 

\\d x (uv)\\ -i/2+s,s < T u (\\u\\ ; +\\v\\ i /2 , s + \\u\\ x i/2,.\\v\\ 1/2 +). (4.1) 
Estimate f|4. 1[) is obtained thanks to (|3.13p and the triangle inequality 

Let n G H S (M) with s > -a/4. Define as 

F(u)=m\s a (t)u -^^ f S a (t-t')d x ^Ut> 2 (t'))dt' 



Jo 

We shall prove that for T <C 1, F is contraction in a ball of the Banach 
space 

Z = {-u G X^ 2 ' s : ||u|| z = ||u|| 1/2 + +7||tt|| i/a,. < +oo}, 

where 7 is defined for all nontrivial ip by 

\\<P" 



7 " 



\ i P\\H s 

Combining (|2.3p . (|2.4p as well as (|4.ip . it is easy to derive that 
\\F(u)\\z < C(||«o|| H ,+ + 7ll«ok«) + CTluHl 

and 

||F(u) - F(u)||z < CT"||it — -h v\\ z 

for some C, v > 0. Thus, taking T = T(\\uq\\ + ) small enough, we deduce 
that F is contractive on the ball of radius 4C||uo|| + in Z. This proves the 

1/25 

existence of a solution u to u = F(u) in Xj T ' . 



Following similar arguments of |12j . it is not too difficult to see that if 
U\,U2 G X l J^ s are solutions of (|2.2p and < 5 < T/2, then there exists 
v > such that 

IK - n 2 || l/2, s < r"(||ltl|| l/2,„ + ||-U 2 |Ll/2, s )||ni - U 2 || l/2,s, 
a, 5 a ,T ck.T a.,6 
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which leads to U\ = u 2 on [0, 5], and then on [0, T] by iteration. This proves 
the uniqueness of the solution. 

It is straightforward to check that S a (-)u G C(R + ; H 8 (R))nC{M* + ; H°°(R)). 
Then it follows from Theorem 13. 11 Lemma [2. 31 and the local existence of the 
solution that 

u G C{[0,T];H s {R))nC{(0,T];H s+aS {R)) 

for some T = T(\\uq\\ +). By induction, we have u G C((0, T]; H°°(R)). 
Taking the L 2 -scalar product of (jdBOp with u, we obtain that 1 i-> \\u(t) \\ HS + 
is nonincreasing on (0, T], Since the existence time of the solution depends 
only on the norm ||wo|| ffB +> this implies that the solution can be extended 
globally in time. 

5 Ill-posedness results 

This section is devoted to the proof of Theorems 11.21 and 11.31 We adopt the 
notation p(£) = 

Assume that u is a solution of (jdBOp such that the solution map uq i— > u 
is of class C k (k = 2 or k = 3) at the origin from H S (R) to H S (R). The 
relation 

1 f* 

F(u, <p) := u(t, <p) - S a (t)<p + - / S a (t - t')d x (u 2 (t', ip))dt' = 



2 jo 

combined with implicit function theorem gives 
du 

ui(t,x) := —(t,x,0)[h}=S a (t)h 



u 2 (t,x) := ^(t,x,0)[h,h] = I' S a (t-t')d x ( Ul (t')) 2 dt' 
d<£ Jo 



9 3 



u 



u 3 (t,x) := —r{t,x,0)[h,h,h}= S a (t-t')d x (u 1 {t')u 2 (t'))dt' 

Jo 

etc 

Since the solution map is C k , we must have 

\\Mt)\\Hs < \\h\\ k HS , Vh£H s (R). (5.1) 



In the sequel, we will show that (|5.ip fails in the case < a < 1 and k = 2, 
and in the case l<a<2, k = 3 and s > —a/ '4. 



18 



5.1 The case < a< 1 

It suffices to show the following lemma. 

Lemma 5.1. Let < a < 1 and s € R. There exists a sequence of functions 
{h N } C £P(M) suc/i that for all T > 0, 

\\h N \\H'<l, 

and 



lim sup 



s a (t-t')d x (s a (t')h N ) 2 dt 



= +oo. 



Proof. We define /itv by its Fourier transform 1 

MO = 7 _1/2 x/x«) +7~ 1/2 ^ s x/ 2 (e) 

with Ii = [7/2, 7], I 2 = [iV, AT + 7] and N » 1, 7 < iV to be chosen later. 
Then it is clear that ||/iat||//s ~ 1. Computing the Fourier transform of U2{t) 
leads to 



F x { U2 {t)){i) = d / e ^*-*')P(« e -(t-t')i^r (e ^v«) e -*'i€r /iiv) *2 ( ^ )rfi , 

Jo 

= cte u ^e-W a [ M6)M£-£l) 

x / e ^'(p(5i)+p(5-5i)-p«)) e -<'(l5i| Q +l5-6l Q -|?r) dt '^ 1 

JO 

= c^e^) e -^i a / M6)M£-&) 



Set 



e ^(p(6)+p(C-Ci)-p(5)) e -t(ICir+l5-6r-|5l Q ) _ 1 



i(p(£i) - 6) - p(0) - (161° + |£ - 61° - l£l c 



x(£,&) = i(p(6) - - p(0) - (ieii Q + - - len- 

By support considerations, we have ||u2(i)||_fp > ||^2(i)||fp with 



^,(^ 2 (t))(0=ciV-VV Me) e-^ |Q / t , rift (5.2) 

Jk ( x(£,£i) 



e *x(£,6) _ 1 



As noticed in [14] , /ijv is not a real- valued function but the analysis works as well for 
Ke hN instead of ftjv- 
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and 

= {6 : £l € 7i,e - Cl G M U {6 : £1 € I 2 ,£ - & G M- 
We easily see that if £1 G iff , then £ G [JV + 7/2, iV + 27] and 

p(£i) + p(£ - 6) - p(0 = 2£i(£i - £) ~ 7^, 
l£i| a + IC-£i| a -|£r <N°. 

We deduce that for 7 = AT 0-1 < N, we have |x(£,£i)| ~ N a . Now define 

t N = (N + 2j)- a - £ ~ iV- a ~ £ 
so that e _ijv '^' a > 1. By a Taylor expansion of the exponential function, 
e tNx(££i) — 1 

=t N + R(t N ,Z,£ 1 ) (5.3) 

Xvs ) si J 

with 



fc! 

fc>2 

Therefore the main contribution of (|5,3p in (|5.2p is given by t^, and since 
\K^\ ~ 7, it follows that 

|^M*iv))(£)| £ A r ^ +1 7" 1 e- (JV+27r£ 7iV^ £ X[7V +7 /2,7V + 2 7 ](e) 

> N~ S+1 ~ a ~ £ X[N+-y/2,N+27}(0- 

We get the lower bound for the .fP-norm of ^(^iv) 

»JV+2 7 1/2 



(1+I4f m) ~ N 1 -"-'^ 2 ~ iVd-)/ 2 - 

AT+-Y/2 7 



which leads to 



'N+j/2 



lim sup ||m2(*)||h s = +00 

iV-*oo[ 0) T] 



for e <C 1 and a < 1, as we claim. □ 
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5.2 The case 1 < a < 2 

Let 1 < a < 2 and s < —a/4. As previously, it suffices to find a suitable 
sequence {h^} such that ||/ijv||/p < 1 and 

lim sup ||u3(0IIh s = +°°- 
TV^oo [ 0jT ] 

For this purpose, we define the real- valued function by 

M0 = ^V- s 7- 1/2 (x/,(0 +X/ JV (-0) (5-4) 
with I N = [AT, AT + 27], iV > 1 and 7 < iV to be chosen later. We have 

Jo 

and 

T x (S a (t')h N ) * F x (u 2 (t'))(0 = c [ M6)M6 - 6)M£ - 6)6 

x e ^(P(g-6)+ P (6)) e -t'(ig-6r+i6r) efxfe ' gl) ~ l ^ 2m 

x(6,6) 

Hence, we can write U3 = v% — W3 with 

Fx(v3(t))(S) = cte^e-^ [ M6)M6 - 6)M£ - 6)^TT 

x /'* e ^(p(6)+p(6-a)+pK-6)-p(0) e -t(iar+i6-6r+i^6r-ia a )^'d6d6 

= ^(Oe-tisr f hN^hN^ - 6)Mg - 6) J\ , et [Tf^ l d ^ 
Jr2 x(6,6) a(66,6) 

and 

6 



F x (w 3 (tM) = cte u p(O e ~m a f M6)M6-6)M£-6) .. , 

7r2 x(6,6) 

X / e^^dt'd^d^ 
Jo 

; t C \ title, f — — £9 e tx(U2) _ 1 

= cee .tp(0 e -*ici / M6)M6~6)M£-6) ,,,, ^6 

Jr2 X(,6)6) X166J 

where we set 

A(66,6) = ^(p(6)+p(6-6)+^-6)-p(e))-(l6l a +l6-6l +ie-6! a -|ei Q )- 
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Let t N = (N + 47)~ a " e for some < e < 1. We get 



\Mv3(tN))(0\X[N + 3,,N + H(0 > N~ 3s+1 7 - 3/2 

where K$ = U K| U K| and 



£ 2 e *ivAK,6,6) _ i 



4 = {(6,6) 
4 = {(6,6) 
Kf = {(6,6) 



6 G In, 6 - 6 G In, £ - 6 € -I N }, 

6 e /jv, 6 - 6 e --Ty, C - 6 e M, 
6 g -/at, 6 - 6 g /jv, e - 6 g /jv}. 



If £ € [iV + 37, N + 47] and (6,6) G /Q, we easily see that 

6 



x(6,6) 



N~ 



and 



p(6) + p(6 - 6) + p(£ - 6) - ~ 7 2 , 
I6I Q + 16-61° + l£- 61° -ier~iv a . 

Thus we are led to choose 7 = iV a / 2 < iV for N > 1 so that |A(£,£i,£ 2 )| 
N a . Then it follows that 



e tjvA(e,6,6) _ 1 



A(66,6) 



M+0(7V 



Consequently, 

l^*(«3(tj\r))(0IX[A^,AW 

^iV- 3 — 7 V2 X[iV + 3 7> Ar + 4 7 ](0 

~ N _3S_3a/4_£ X[iV+3 7 ,iV+4 7 ](0, 

since |/Q| ~ 7 2 . 

Concerning 103, we verify that for (6,6) G K^, we have |x(66)l ^ 7-^ 
and then 

|^K(iiv)X0IX[Ar + 3 7 ,i^ 

~Ar- 3s -V 1/2 X[AT+3 7 ,iV + 4^) 
~ iV _3s_1_a/4 X[JV + 3 7 ,iV+4 7 ](6 
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4ix(6,a)i + o(4^ 2 ix(6,a)i) 



Since —3s — 1 — a/4 < —3s — 3a/4 — e for a < 2, we deduce that the main 
contribution in the .fF-norm of 113 is given by ||u3||h*, that is, 

IMtjv)||tf- > ^- 3s - 3q / 4 - £ 7 1 / 2 AT s ~ N -2s- a /2- e ^ 

and we find the condition 

-2s-a/2>0, i.e. s < -a/4. 

When a = 2, the contributions of and u>3 are equivalent, and we must 
proceed with a bit more care, by considering directly the difference U3 = 
V3 — W3. More precisely, for 7 = eN <C N, we have 

|A(£,£i,6)|~|x(£,6)|~w 2 . 

Noticing that 

A(e,6,6)-x(e,6) = x(6,6), 

we deduce 

gtjvA(C,?i,6) _ 1 g*iVX(?:6) _ 1 

A(£,£i,&) x(£,6) 
Setting again tjv = N~ 2 ~ £ , and since |^| ~ it follows that 

|^(n 3 (tAr))(0IX[iV + 3 7 ,Ar + 4 7 ] > AT 3s + V 3/ ViVAr- 4 - 2£ X[Ar + 3 7 ,ivW£) 
and thus 

which tends to infinity as soon as —2s — 1 > 0, i.e. s < —1/2. 

A Appendix 

We prove here that the pure dissipative equation 

u t + \D\ a u + uu x = (A.l) 

for 1 < a < 2 is well-posed in fP(R), s > s a where 

_ 3 
s a — — a, 

and that the solution map fails to be smooth when s < s a . The method of 
proof is classical and is based on the smoothing properties of the generalized 
heat kernel 

G a (t,x) = ±- [ e^e-^l Q d£, t > 0. 
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Theorem A.l. Let 1 < a < 2, s > s a and uq € H S (M). Then there exist 
T > and a unique solution u € C([0, T]; H S (M.)) of II A.l)) such that 

sup ||it(t)||tf« < oo if l<a<3/2, (A.2) 
te[o,T] 

sup |Kt)||ff»+ sup tP\\u(t) Wtf/ic-Q < oo if 3/2<a<2 (A. 3) 
t£[0,T\ te[o,T] 

where j3 = —s/a + (2 — a) /2a. The flow map uq i— > u /ram i? s (R) into 
f/ie c/ass defined by RA.2\) - $A~Jfy is locally Lipschitz. Moreover, if ||«o||if s *s 
small enough, the solution can be extended to any time interval. 

Proof. Observe that for any p € [1, oo] and p > 0, we have 

\\\D\ p G a (t)\\ LP = cril-Vpya-p/". (A.4) 

We use the Picard iteration theorem to show that the map F defined as 

1 /"* 

F(u) = G a {t)*u -- G a {t - t') * d x u 2 (t')dt' 
1 Jo 

has a fixed point in suitable Banach space. 

We first consider the case 1 < a < 3/2, and we choose s a < s < 1/2. Set 
Xt = C([0, T]; H S (W)) endowed with the norm ||n||jjf T = sup[ 0j T] H^WII-H" 5 - 
By Young inequality and (|A.4|) . we have 

\\G a (t) * u \\ H ° < \\G a (t)\\ L i\\u \\H s ^ ||«o||h s - (A.5) 
Using the fractional Leibniz rule, we get 



\G a (t - * d x u 2 (t')\\ H sdt' < J \\d x G a (t - Oll L (. + i)-i \\{D) s u 2 (t')\\ Lmi - a) dt' 

< f\t - tO s/Q - 3/2a IKOll i( i- 3 ri \Ht')\\ H sdt'. 



Since < s < 1/2, we can take advantage of the Sobolev embedding 
H S (R) ^ L^- S ^\R). Since s/a - 3/2q > -1, we conclude 

I \\G a (t - t') * d x u 2 (t')\\ H sdt' < T»\\u\\ 2 Xt (A.6) 
J o 

with v = 1 + s/a — 3/2a>0. Gathering (|A.5|) and (|A.6|) we infer 

ll^(")IU T < ho\\H*+T v \\uf XT 
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and in the same way, 

\\F(u) - F(v)\\ Xt < V(\\u\\x T + \\v\\ Xt )\\u - v\\ Xt . 

This proves that for T <C 1, F is contractive in a ball of Xt- 

Now we solve (|A. 1[) in the case 3/2 < a < 2 and s a < s < 0. Define 
y T = C([0,T];H s (R)) nC /3 ([0,T];L 2 /( a - 1 )(M)) equipped with the norm 

H|y T = sup ||u(i)||# s + sup ^||«(t)||xa/(«-x). 
te[o,T] te[o,T] 

By Young inequality, we get 

||G«(<)*«o||l2/c«-i) = ||(£>)- s G a (i)*(£>) s uo|L2/c a -i) < ||(L»)- s G Q (i)|| i2/a ||« ||^, 
and it follows from (|A.4|) that 

^|| WGfa^H^/a < i^( t -(2-«)/2a + r (2-a)/2a+./a) < (^-./« 



Now we deal with the nonlinear term. Using the Sobolev embedding 
H S (R) valid for any — 1/2 < s < 0, we obtain 

\G a (t - t') * d x u 2 {t')\\ H sdt' < I \\d x G a {t - t')\\ Lih _ a _ a) -, || U 2 (OH L i/(.-i)di' 



< 



(t _ t ' rS /«-l+l/2a t /-2^/2 / 3|| M(t / ) ||2 2/(Q _ i)dt / 



~ 1 \\ U \\Y T 



with v = —s/a + l/2a — 2/3 > 0. By similar calculations, we get 

iP [ \\G a (t - t') * d x u 2 (t')\\ L2/{a - 1} dt' < iP I \\d x G a (t - 0l|^/(8-«) \W 2 (t')\\ Ll/(o 



<iP / (t-t')- {a+1)/2a t'- 2P dt'\\u\\ 2 YT 
Jo 

< T u \\ii\\' 2 
~ 1 \\ U \\Y T 

with v = 1 — (a + l)/2a — /3 > 0. Finally, one has 

and the claim follows. □ 
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Remark A.l. Let U a (t) = J : ^ 1 (e lt ^e~ t ^ a ) be the fundamental solution 
of the linear idBO\) equation. Using that \J- x U a (t)\ = \J- x G a {t)\ as well as 
the well-known estimate ^ II/IIlp'; P > 2, l/p + 1/p' = 1, we easily 

check that Theorem \A.1\ holds for idBO)) equation. 

Finally, we show that Theorem lA.il is sharp. 

Theorem A. 2. Let 1 < a < 2 and s < s a . The the solution map uq ^ 
u associated with iA . 1\) (if it exists) is not of class C 2 from H S (M) to 
C([0,T];H s (R)). 

Proof. The proof is similar to that of Theorems 11.21 and 11.31 Define h^ as 
in (|5.4p and consider the high-high interactions in the convolution product 
(e-WfiN) * (e-*l«l Q /i7v)- We get that for £ € [2N, 2N + 4 7 ], 7 = N 1 ' 2 and 
t N ~ N~ a ~ £ , 

\F X Mt N ))(0\ > N- 2s - a+1 - £ X [2N,2N + 4-y](0 

where U2 is defined by 

u 2 (t)= f G a (t-t')*d x {G a (t')*h N ) 2 dt'. 
Jo 

We conclude that 

\\u2(t N )\\ H s > N - s - a+1 -^ 1 ' 2 > AT- S +3/2-a-3 £ /2 ^ +QO 

as soon as s < 3/2 — a. □ 
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